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A Criterion for Isomorphism 
of Artinian Gorenstein Algebras 

A. V. Isaev 

Let A be an Artinian Gorenstein algebra over an infinite field k with 
either char(A:) = 0 or char(/i;) > ly, where v is the socle degree of A. To 
every such algebra and a linear projection vr on its maximal ideal m 
with range equal to the socle Soc(A) of A, one can associate a certain 
algebraic hypersurface C m, which is the graph of a polynomial 
map Ptt : kervr ^ Soc(A) ~ k. Recently, in |FIKK| . |FK] the following 
surprising criterion was obtained: two Artinian Gorenstein algebras 
A, A are isomorphic if and only if any two hypersurfaces St^ and 
arising from A and A, respectively, are affinely equivalent. The proof 
is indirect and relies on a geometric argument. In the present paper 
we give a short algebraic proof of this statement. We also discuss a 
connection, established elsewhere, between the polynomials and 
Macaulay inverse systems. 


1 Introduction 

We consider Artinian local commntative associative algebras over a field k. 
Recall that snch an algebra A is Gorenstein if and only if the socle Soc(A) 
of A is a l-dimensional vector space over k (see, e.g. jHn] ). Gorenstein 
algebras freqnently occnr in varions areas of mathematics and its appli¬ 
cations to physics (see, e.g. 0 . 0 ). For fc = C, in |FIKKj we fonnd 
a snrprising criterion for two Artinian Gorenstein algebras to be isomor¬ 
phic. The criterion was given in terms of a certain algebraic hypersnrface 
St^ in the maximal ideal m of A associated to a linear projection vr on m 
with range Soc(A), where we assnme that dim^, A > 1. The hypersnrface 
St^ passes throngh the origin and is the graph of a polynomial map 
: kervr —>■ Soc(A) ~ C. In |FIKK] we showed that for k = C two Artinian 
Gorenstein algebras A, A are isomorphic if and only if any two hypersnrfaces 
St, and arising from A and A, respectively, are affinely eqnivalent, that is, 
there exists a bijective affine map A : m —?■ m snch that A(S' 7 r) = S'??. 

It should be noted that the above criterion differs from the well-known 
criterion in terms of Macaulay inverse systems, where to an Artinian Goren¬ 
stein algebra A one also associates certain polynomials (see, e.g. Proposition 
2.2 in |ERj and references therein). Indeed, as the discussion in Section [5] 
shows, in general none of the polynomials Pt, is an inverse system for A. 
The value of the method of [FIKK] lies in the fact that affine equivalence for 
the hypersnrfaces St, and S'^f is sometimes easier to verify than the kind of 
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equivalence required for inverse systems (see formula (7) in |ERj ). In Section 
IHwe give an example when this is indeed the case. 

At the time of writing the article [FIKK] we could not hnd an algebraic 
proof of our criterion, but, quite unexpectedly, discovered a proof based on 
the geometry of certain real codimension two quadrics in complex space. 
On the other hand, the hypersurface can be introduced for an Artinian 
Gorenstein algebra A over any held k of characteristic either zero or greater 
than the socle degree u of A. Therefore, it is natural to attempt to extend 
the result of |FIKKj to all such algebras. Indeed, an extension of this kind 
was obtained in the recent paper |FK] . The result was stated for helds of 
zero characteristic, but the proof is likely to work at least for some helds 
satisfying char(fc) > z/ as well. The argument proceeds by reducing the case 
of an arbitrary held to the case k = C, and therefore the basis of the method 
of |FKj remains the geometric idea of |FIKK] . It would be very desirable, 
however, to hnd a purely algebraic argument directly applicable to any held. 
In this paper we present such an argument, in which neither geometry nor 
reduction to the case fc = C is required and which works for any inhnite held 
k with either char(/c) = 0 or char(/c) > u. We note that a very brief outline 
of the argument was given in [Is], and the main purpose of this article is to 
provide full details. Another purpose of the paper is to exhibit our approach 
to Artinian Gorenstein algebras to a broad audience, and therefore the article 
is to some extent expository. 

The paper is organized as follows. Section |2] contains necessary prelimi¬ 
naries and the precise statement of the criterion in Theorem 12. II Our proof of 
Theorem 12. II is given in SectionlHl In SectionSjwe demonstrate how this result 
works in applications (see Example 14.2p . Namely, we consider an Artinian 
Gorenstein algebra Aq, originally presented in |FK] . of embedding dimen¬ 
sion 3 and socle degree 4 whose Hilbert function is {1,3,3,1,1}. Further, 
we perturb Aq to obtain a one-parameter family At of Artinian Gorenstein 
algebras of the same dimension and socle degree. While directly establishing 
a relationship between At and Aq seems to be nontrivial, this can be easily 
done with the help of Theorem 12.11 Namely, using the theorem we show, in 
a rather elementary way, that each algebra At is in fact isomorphic to Aq. 

Next, in Section [5] we discuss the connection between the polynomials 
and Macaulay inverse systems for any Artinian Gorenstein algebra A found 
in our earlier article |AI] . The proof is short, and for the completeness of 
our exposition we include it in the present paper as well. Namely, if P^ is 
regarded as a map from ker n to k (in which case we call it a nil-polynomial), 
then the restriction of P^ to any subspace of ker vr that forms a complement 
to in m is an inverse system for A (see Remark 15.3|) . All these subspaces 
are of dimension equal to the embedding dimension emb dim A of A, thus nil- 
polynomials can be viewed as extensions of certain inverse systems to spaces 
of dimension greater than emb dim A. As a result, since nil-polynomials are 
given explicitly, one obtains an effective formula for computing an inverse 
system for any Artinian Gorenstein algebra (see Theorem 15.11 and Remark 
15.5p . It appears that such a formula had not existed in the literature prior 
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to our work. 

Utilizing the above relationship between nil-polynomials and Macaulay 
inverse systems, at the end of Section O we revisit Example 14.21 and explain 
how isomorphism between At and Aq can be established by using inverse 
systems. This turns out to be signihcantly harder to do than by applying 
the method based on nil-polynomials. In general, to use inverse systems 
one needs to compute them first, and Theorem 15.11 provides an explicit way 
for producing them from nil-polynomials. This fact alone shows that nil- 
polynomials are a new rather useful tool for the study of Artinian Gorenstein 
algebras. 

Acknowledgements. We are grateful to N. Kruzhilin for stimulating 
discussions and to the referee for the thorough reading of the paper and help¬ 
ful suggestions. This work is supported by the Australian Research Council. 

2 Preliminaries 

Let A be an Artinian Gorenstein algebra over a field k with identity element 
1, maximal ideal m and socle Soc(A) := {x G A : xm = 0}. Suppose that 
dimfc A > 1 (i.e. m ^ 0) and denote by u the socle degree of A, that is, the 
largest among all integers p for which 7 ^ 0. Observe that v > 1 and 
Soc(A) = m^. 

Assume now that either char(/c) = 0 or char(A;) > v and dehne the expo¬ 
nential map exp : m —)■ 1 -|- m by the formula 



m=0 


where x° := 1. This map is bijective with the inverse given by 



^^ m 

m=l 


Next, £x a linear projection tt on A with range Soc(A) and kernel con¬ 
taining 1 (we call such projections admissible). Set fC := kervr fl m and let 
be the graph of the polynomial map : K. ^ Soc(A) of degree v dehned 
as follows: 



( 2 . 1 ) 


(note that for dim/j A = 2 one has = 0). Everywhere below we identify 
any point (x, P,^(x)) G with the point x -f P^(x) G /C © Soc(A) = m and 
therefore think of as a hypersurface in m. Observe that the Soc(A)-valued 
quadratic part of Pn- is non-degenerate on /C since the Soc(A)-valued bilinear 
form 


67^(0, c) := 7 r(ac), a,cGA 


(2.2) 
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is non-degenerate on A (see, e.g. p. 11 in |Hej ). Examples of hypersurfaces 
S'tt explicitly computed for particular algebras can be found in |FIKK] , |FK] , 
[El] (see also Section HI below). 

We will now state the criterion for isomorphism of Gorenstein algebras 
that was obtained in [FIKK] , |FK] for algebras over helds of zero character¬ 
istic. 

THEOREM 2.1 Let A, A be Gorenstein algebras of finite vector space 
dimension greater than 1 and socle degree v over an infinite field k with either 
char(A;) = 0 or char(/c) > n. Let, further, tt, ti be admissible projections on A, 
A, respectively. Then A, A are isomorphic if and only if the hypersurfaces 
are affinely equivalent. Moreover, if A : m —?■ th is a linear isomorphism 
such that A(S'^) = then A is an algebra isomorphism. 

3 Proof of Theorem 


For every hypersurface 5^, we let S„ be the graph over /C of the polynomial 
map —Ftt (see (12.111 h Observe that 

iSjr = {x G m : 7r(exp(x)) = 0}. (3.1) 

Clearly, and are affinely equivalent if and only if 5^ and are affinely 
equivalent, and below we will obtain the hrst statement of the theorem with 
iSjr and in place of and S^, respectively. 

The necessity implication is proved as in Proposition 2.2 of [FIKKj . The 
argument is short, and for the completeness of our exposition we reproduce 
it below. The idea is to show that if tti, 7r2 are admissible projections on A, 
then -|- xq for some Xq G m. Clearly, the necessity implication is a 

consequence of this fact. 

For every y E m, let My be the multiplication operator from A to m 
dehned by a i—)■ ya and set /Ci := kervri fl m. The correspondence 

2/ H- TTi O Myl/Ci 

dehnes a linear map £ from /Ci into the space T(/Ci, Soc(A)) of linear maps 
from /Cl to Soc(A). Since for every admissible projection tt the form 
dehned in (12.21) is non-degenerate on A and since dim^ L(/Ci, Soc(A)) = 
dimfc /Cl, it follows that T is an isomorphism. 

Next, let A := 7r2 — tti and observe that A(l) = 0, A(Soc(A)) = 0. Clearly, 
lies in L(/Ci, Soc(A)), and therefore there exists G /Ci such that 
= vTi o My^\]Ci. We then have A = tti o My^ everywhere on A, hence 

7r2(exp(x)) = 7ri^(l-F|/o)exp(x))j = 7ri(exp(x-f xq)) 

for xo := log(l -|- yo), which implies 5^^ = -f xq as claimed. 

We will now obtain the sufficiency implication. Let A ; m —?■ m be an 
affine equivalence with A(iS.n-) = and zq := A(0). Consider the linear 


2.1 
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map C(x) := A{x) — Zq, with a: G m. We will show that £ : m —)■ th is an 
algebra isomorphism, which will imply that A and A are isomorphic. 

Clearly, £ maps onto — Zq- Consider the admissible projection on 
A given by the formula If'(a) := 7f(exp(zo)a), where exp is the exponential 
map associated to A. Formula fl3.ip then implies — 2^0 = hence £ 
maps onto 

Recall that is the graph of the polynomial map : K, —)■ Soc( 74 ) 
(see Set n := dimfetn — 1 = dimfcfri — 1 and choose coordinates 

a = («!,..., an) in /C and a coordinate an+i in Soc(A). In these coordinates 
the hypersurface iS^r is written as 

n n 

^ ^ “t” ^ ^ bj^jf^a^aja^ “|“ * * *, 

i,j=l i,j,l=l 

where Qij and hij£ are symmetric in all indices, (gij) is non-degenerate, and 
the dots denote the higher-order terms. In Proposition 2.10 in [FIKKj (which 
works over any held of characteristic either zero or greater than u) we showed 
that the above equation of is in Blaschke normal form, that is, one has 
Ynj=i 9 "^hiji = 0 for all i, where (^f*^) := {gij)~^. 

We will now need the following lemma, which is a variant of the second 
statement of Proposition 1 in |EE] . 

Lemma 3.1 Let V, W be vector spaces over an infinite held k, with 
dimfc V = dimfc W = N + 1, N > 0. Choose coordinates (3 = ..., (3jq), 

/Stv+i in V and coordinates 7 = ( 71 ,..., 7 Ar), 7 Ar+i in W. Let S C V, T C W 
be hypersurfaces given, respectively, by the equations 

I3n+i = F{l3i,..., I3 n), 7 Ar+i = Q( 7 i, ... ,77v), (3.2) 

where V, Q are polynomials without constant and linear terms. Assume fur¬ 
ther that equations fl3.2p are in Blaschke normal form. Then every bijective 
linear transformation of V onto W that maps S into T has the form 

7 = Cfl, 7 Ar+i = c/3n+1, 

where C G GL(iV, k), c ^ k* and / 3,7 are viewed as column-vectors. 

Proof: Let £ : R —)• IF be a bijective linear transformation. Write L in the 
most general form 

N 

y = Cj3 + d/lN+i, yN+i = ^ Ci/3i + c/3n+i 

i=l 

for some Ci,..., cjsf, c & k, d & k^, and N x iV-matrix C with entries in k. 
Then the condition L{S) C T is expressed as 

N 

Y, cA + cV{P) = QiCfd + dvm- 

i=l 


(3.3) 
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Since k is an infinite field, identity fl3.3p implies that the coefficients at 
the same monomials on the left and on the right are equal. Then, since V 
and Q do not contain linear terms, it follows that Ci = ... = cat = 0 and 
therefore C G GL(iV, fc), c G k*. Further, comparing the second- and third- 
order terms in fl3.3l) . it is straightforward to see that the equations of both 
S and T cannot be in Blaschke normal form unless d = 0. □ 

By Lemma 13.11 writing the hypersurface in some coordinates 
a = («!,... ,an), Sn+i in fri chosen as above, we see that the map £ has 
the form 

a = Ca, a„+i = ca„+i (3-4) 

for some C G GL(n,k), c G k*. In coordinate-free formulation, fl3.4p 
means that with respect to the decompositions m = /C © Soc(A) and 
th = /C © Soc(A), where /C := keryf' fl fh, the map £ has the block- 
diagonal form, that is, there exist linear isomorphisms £i : /C —?■ /C and 
©2 : Soc(A) Soc(A) such that £(x + u) = Li(x) + L 2 {u), with x E JC, 
u G Soc(A). Therefore, for the corresponding polynomial maps and P^f/ 
(see fl2.ip l we have 

©2 o P^ = P^f/o £i. (3.5) 

Clearly, identity fl3.5p yields 

L 2 oPH=plr’oLi, m = 2,...,z/, (3.6) 

where P^\ P-T*' are the homogeneous components of degree m of Ptt, P^', 
respectively, and z/ is the socle degree of each of A and A (observe that the 
socle degrees of A and A are equal since by fl3.5p one has degPj^ = degP^f/). 
Let TTm be the symmetric Soc(A)-valued m-form on /C dehned as follows: 

7r^(xi,...,Xm)--=7r(xi---Xm), Xi,...,Xme/C,m = 2,...,iy. (3.7) 

By (EH]) we have 

pI’^^(x) = ^7r^(x,... ,x), X G/C, m = 2,... ,z/. (3.8) 

m\ 

We will focus on the forms 7r2 and tts (in fact, it is shown in Proposition 2.8 
in [FIKK] that every vr^ with m > 3 is completely determined by 7r2, tts). As 
in [FIKKj . we dehne a commutative product (x, y) i—)■ x*?/ on /C by requiring 
the identity 

7r2(x*|/,2;) = 7r3(x,2/,^) (3.9) 

to hold for all x,y,z G JC. Owing to the non-degeneracy of the form 6^ 
dehned in 02.21) . the form 712 is non-degenerate and therefore for any x,y E )C 
the element x * y E JC is uniquely determined by (13. 9 p . 

We need the following lemma. 

Lemma 3.2 For any two elements x + u, y + v of m, with x,y E JC and 
u,v E Soc(A), one has 

(x + u){y + x) = x*y + ■7T2{x,y). 


(3.10) 
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Proof: We write the product xy with respect to the decomposition 
m = /C©Soc(A) as xy = {xy)i + {xy) 2 , where {xy)i G /C and {xy )2 G Soc(A). 
It is then clear that {xy )2 = 7i2{x,y). Therefore, to prove fId.lOp we need 
to show that x * y = {xy)i. This identity is obtained by a simple calcula¬ 
tion similar to the one that occurs in the proof of Proposition 2.8 of |FIKK] 
(cf. Proposition 5.13 in |FK] ). Indeed, from (13.7p . (13.9p for any z G /C one 
has 

tt 2 {x *y,z) = TTsix, y, z) = Tr{xyz) = 

+ {xy) 2 \z'^ = 7i{{xy)iz) = 7i2{{xy)i, z). 

Since 712 is non-degenerate, the above identity implies x * y = {xy)i as re¬ 
quired. □ 


We shall now complete the proof of Theorem 12. II Let be the symmetric 
Soc(A)-valued forms on /C arising from the admissible projection tt' on th as 
in (13.711 . with m = 2,..., i/. By (13.611 . (13.811 we have 


L2 ij^m (3:1 1 ■ ■ ■ 1 Xm)) (-^1 (Xi ),..., Ti (Xm)) y 


Xi,... ,Xm ^ 1C, m = 2,... ,iy. 


(3.11) 


Denote by * the product on /C dehned by 712 , tts as in (13.911 . Now, for all 
x,y E 1C and u,v E Soc(y4), Lemmaand identity (13.lip with m = 2 yield 

c(^{x + u){y + v)^ = C{x*y + 7i2{x,y)) = Li{x * y) + L2{7i2{x,y)), 

C{x + u)C{y + v) = {Li{x) + L 2 {u)){Li{y) + L 2 {v)) = 

Li{x)*Li{y) + Ti2{Li{x),Li{y)) = Li{x)*Li{y) -F L2{'K2{x,y)). 

Next, for any z E 1C, from (13.9p and identity (I3.11|l with m = 2,3 one obtains 

7r2{Li{x)*Li{y), Li{z)) = tt 3 {Li{x), Li{y), Li{z)) = 

L 2 {Tr 3 {x,y,z)) = L 2 {n 2 ix * y, z)) = tt 2 {Li{x * y), Li{z)), 

which implies Li{x)*Li{y) = Li{x * y). It then follows from (I3.12p that 
c(^{x + u){y + = C{x + u)C{y -f v), that is, £ : m —?■ th is an algebra 

isomorphism. 

Finally, we will obtain the last statement of the theorem. Let ^ : m —> fix 
be a linear isomorphism such that .4,(5^) = S^. Consider the linear auto¬ 
morphisms of m and of m dehned by 

fF{x + u) ■.= X — u, X E fC, u E Soc(4), 
fF{x + u) ■.= X — u, a; G her T n m, M G Soc(4). 
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Then the composition Ao := T o A o is a linear transformation from m to 
th that maps iS^r onto By the above argument, it follows that Aq is an 
algebra isomorphism. On the other hand, one has Ao = A. Thus, A is an 
algebra isomorphism, and the proof of the theorem is complete. □ 

4 Example of application of Theorem 12.11 

Theorem 12.II is particularly useful when at least one of the hypersurfaces S'^, 
is affinely homogeneous (recall that a subset 5 of a vector space V is 
called affinely homogeneous if for every pair of points p,q & S there exists 
a bijective affine map A oi V such that A(iS) = S and A{p) = q). In this 
case the hypersurfaces S^, are affinely equivalent if and only if they are 
linearly equivalent. Indeed, if, for instance, is affinely homogeneous and 
A : m —!■ m is an affine equivalence between 5^, S'^f, then A o A' is a linear 
equivalence between 5^, S^, where A' is an affine automorphism of 5^ such 
that A'(0) = A~^(0). Clearly, in this case is affinely homogeneous as well. 

The proof of Theorem 12.11 shows that every linear equivalence C be¬ 
tween Stt, has the block-diagonal form with respect to the decompositions 
m = /C 0 Soc(A) and in = /C © Soc(A), where /C := kerT n th, that is, there 
exist linear isomorphisms Li : /C —)■ /C and ©2 : Soc(A) —)■ Soc(A) such that 
C{x + u) = Li[x) + L 2 {u), with x E JC, u E Soc(A). Therefore, analogously 
to fl3.6p . for the corresponding polynomial maps and (see fl2.ip l we 
have 

©2 o pH = pM o m > 2, (4.1) 

where, as before, PjT "^, P^^ are the homogeneous components of degree m of 
P,r, Pn, respectively. 

Thus, Theorem 12.11 yields the following corollary (cf. Theorem 2.11 in 
[FlKKj l . 

Corollary 4.1 Let A, A be Gorenstein algebras of finite vector space di¬ 
mension greater than 1 and socle degree v over an infinite Geld k with either 
char(fc) = 0 or char(fc) > z/. Let, further, tt, tt be admissible projections on 
A, A, respectively. 

(i) If A and A are isomorphic and at least one of S'jr, is afhnely homoge¬ 
neous, then for some linear isomorphisms Li : /C —)■ /C and L 2 : Soc(A) —)■ 
Soc(A) identity fl4.ip holds. In this case both 5',^ and are afhnely homo¬ 
geneous. 

(ii) If for some linear isomorphisms Li : /C —)■ /C and L 2 : Soc(A) —)■ Soc(A) 
identity fl4.ip holds, then the hypersurfaces 5^, are linearly equivalent and 
therefore the algebras A and A are isomorphic. 

As shown in Section 8.2 in [FKj . the hypersurface 5',^ need not be affinely 
homogeneous in general. In [H] (see also [FK] ) we found a criterion for the 
affine homogeneity of some (hence every) hypersurface arising from an 
Artinian Gorenstein algebra A. Namely, is affinely homogeneous if and 
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only if the action of the automorphism group of the nilpotent algebra m 
on the set of all hyperplanes in m complementary to Soc(y4) is transitive. 
Furthermore, we showed that this condition is satished if A is non-negatively 
graded in the sense that it can be represented as a direct sum 

A = 0 A\ A^A^ C (4.2) 

j>o 


where A^ are linear subspaces of A, with A^ = k (in this case m = (Bj>oA^ 
and Soc(A) = A"^ for d := max{j : A^ ^ 0}). We stress that the grading 
{A^} in the above statement is not required to be standard, i.e. A^ may not 
coincide with {A^y. 

Note, however, that the existence of a non-negative grading on A is not 
a necessary condition for the affine homogeneity of S.^. For example, for any 
Artinian Gorenstein algebra of socle degree not exceeding 4 the hypersurfaces 
S-jr are affinely homogeneous (see Proposition 6.5 in |FK] h whereas not every 
such algebra admits a non-negative grading. The case u = 3 is relatively 
easy; in fact, all algebras with this property were completely described in 
Theorem 4.1 of EE]. The case v = A is much harder (see Section 7.2 in 
EEI). and the affine homogeneity of makes Corollary 14.11 an important 
tool in this case. We are conhdent that the approach discussed in this paper 
will help make signihcant advances on the classihcation problem at least for 
V = I. Note that, as shown in Proposition 7.5 of |FK] . the classihcation result 
of Theorem 4.1 of |ERj can indeed be obtained by utilizing this method. 

We will now give an example of how one can hope to apply our technique 
to algebras of socle degree 4. 

Example 4.2 Let Aq be the Artinian Gorenstein algebra introduced at the 
end of Section 8.1 in lEEl, namely, 

Ao := k[[x, y, z]]/J{x^ xy"^ + y^ + xz^), 

where /c[[a;, ?/, 2 ;]] is the algebra of formal power series in x,y,z and J(/) is 
the Jacobian ideal of /, i.e. the ideal generated by the hrst-order partial 
derivatives of /. As explained in |FK] . this algebra does not admit any non¬ 
negative grading. Furthermore, the Hilbert function of Aq is {1,3,3,1,1}, 
hence the associated graded algebra of Aq is not Gorenstein (cf. Proposition 
9 in [W]). Also, one has z/ = 4 and dim^ Aq = 9. 

Consider the following monomials in k[[x,y,z]]: 

x'^, X, x"^, y, z, yz, z^ (4.3) 

and let eo,o, • • •, Coj be the vectors in the maximal ideal mo of Aq represented, 
respectively, by these monomials. It is not hard to show that eo,o, • • •, ^ 0,7 
are linearly independent, hence they form a basis of mo. Choose ttq to be the 
admissible projection on Aq dehned by the condition 


ker TTo n mo = (eo,i,..., cqj} =: /Co, 
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where ( • ) denotes linear span (observe that Soc(Ao) = (eo,o))- Then, letting 
Xi,... ,Xy he the coordinates in /Cq with respect to the basis eo,i,..., Cqj and 
identifying Soc(Ao) with k by means of eo,o, we computeEl 


Pq := = XiXa + -xl + 6x2X4 - -X4X7 - -X5X6+ 

^2 io2 o 2,^3 ^ 2,^4 

-X1X2 + 3X^X4 - 2X1X4 + -X4 - -X4X5 + —X4. 

We will now perturb the algebra Aq as follows: 


(4.4) 


At := fc[[x, y, z]]/J{x'^ + tx^ + xj/^ + t G k*. 


It is not hard to check that for every t the algebra At is Artinian Gorenstein 
of vector space dimension 9 and socle degree 4. By utilizing part (ii) of 
Corollary 14.11 we will now show that At is in fact isomorphic to Aq for all t. 

Let etfl ,..., etj be the basis in the maximal ideal mi of At whose elements 
are represented, respectively, by monomials fl4.3p . Let tti be the admissible 
projection on At dehned by 


ker TTi n m* = (ei,i, ..., etj) =: ICt 

(observe that Soc(Ai) = {ctfl)). Then, denoting by j/i,..., y^ the coordinates 
in JCt with respect to the basis ..., etj and identifying Soc(At) with k by 
means of we have 

„ „ 1 2 8 8 15f 5f 2 

Pt := P ^^ = ym + -1/2 + 61/22/4 - - 2 / 42/7 - X// 5//6 + - —2/4+ 

1 4 4 1 

i^yly2 + 32/?2/4 - 22 / 12/4 + ^yl - ^yAyl + ^2/f. 

Thus, we see that in the coordinates chosen as above the polynomials Pq 
and Pt coincide in homogeneous components of degrees 3 and 4 but their 
quadratic terms differ. 

We now identify Soc(Ao) and Soc(At) by means of the vectors eo,o and 
etfi. Then, by part (ii) of Corollary 14.11 to prove that At is isomorphic to Aq, 
it suffices to find a linear isomorphism L : /Ci —>■ /Co such that 

pH = pM o p for m = 2, 3,4, (4.6) 

where, as before, , Pj™'^ are the homogeneous components of degree m of 
Pq, Pt, respectively. Define L by 

Xj = yj , forj^3,7, 

15f 

X3 — y3 + 

15t 

x ? = —yA + 2 / 7 - 


*Here and below the relevant polynomials were found by using a Singular-based 
computer program, which had been kindly made available to us by W. Kaup. 
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Clearly, this linear transformation satisfies fl4.6p . which shows that At is 
indeed isomorphic to Aq for every t as claimed. 

By the last statement of Theorem 12.11 the map L together with the iden- 
tihcation of Soc( 74 o) and Soc( 74 J is in fact an algebra isomorphism between 
rrit and mo. More precisely, the map defined on the basis elements as 

'-t eoj, for j 7 ^ 4, 

15t 15t 

t -—Co,3 + Co,4 + -77760,7 
2 lb 

is an isomorphism from onto mo. The corresponding isomorphism between 
At and Aq is induced by the automorphism of k[[x, y, z]] given by the following 
change of variables: 

15f 2 Ihf o . . 

X X, y y + -—rZ H ——x , z z. (4.7) 

16 2 

It would be interesting to see whether formula fl4.7p could be obtained directly 
using ideal generators. 

One can produce an alternative proof of isomorphism of At and Aq by 
making use of Macaulay inverse systems. We will explore this possibility in 
the next section and compare it with the proof given above. 


5 Nil-polynomials and Macaulay 
inverse systems 

With the exception of a further discussion of Example 14.21 given below, the 
material of this section is contained in |AI] . Since this material is highly 
relevant to the present paper’s theme and the proofs involved are not long, 
we reproduce it here for the reader’s beneht. 

As before, let A be an Artinian Gorenstein algebra over a held fc, with 
maximal ideal m and socle degree u, where we assume that dim^. A > 1 and 
either char(/c) = 0 or char(fc) > z/. Next, let 

M := embdimA := dim^ m/m^ 

be the embedding dimension of A (notice that M > 1 ). Choose a ba¬ 
sis B = {ei,...,eM} in a complement to m^ in m and hx a linear form 
u : A ^ k with kernel complementary to Soc(A). Now, we introduce the 
following polynomial: 



+ • • • + ■ 


(5.1) 


Notice that in fl5.ip the element (xiCi xm^mY G A may have a non¬ 

trivial projection to Soc(A) parallel to kero; even for j < u, in which case 
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u{xiei + ... + xm^mY Y 0- formulas 05.91) and 05.1Up below we compute 
polynomials of this kind for the algebras Aq and At from Example 14.21 

Further, the elements ei,...,eM generate A as an algebra, hence A is 
isomorphic to k[xi,... ,xm]/I, where / is the ideal of all relations among 
Cl,..., Cm, he. polynomials / G k[xi ,..., xm] with /(ei,..., cm) = 0. Ob¬ 
serve that / contains the monomials ..., 

From now on we assume that char(/c) = 0 (cf. Remark 15.21 belowh For 
f,g e k[xi,.. .,xm] dehne 

It is well-known that, since the quotient k[xi,, xm]/I is Gorenstein, there 
is a polynomial g G k[xi,..., xm] of degree u such that / = Ann( 5 f), where 

Ann( 5 () := {/ G fc[xi,..., Xm] : / * S' = 0} 

is the annihilator of g. The freedom in choosing g with Ann( 5 f) = / is fully 
understood, namely, if gi,g 2 G k[xi,... ,xm] satisfy Ann( 5 fi) = Ann( 5 f 2 ) = /, 
then gi = hicg 2 , where h G k[xi,... ,Xm] with h(0) 7 ^ 0. Any polynomial 
g with I = Ann( 5 f) is called a Macaulay inverse system for the Artinian 
Gorenstein quotient k[xi,..., xm]/I- 

Gonversely, for any non-zero element g G k[xi,... ,Xm] the quotient 
k[xi,..., Xm]/ Ann( 5 f) is a (local) Artinian Gorenstein algebra of socle degree 
degs, hence any polynomial is an inverse system of some Artinian Gorenstein 
quotient. It is well-known that inverse systems can be used for solving the 
isomorphism problem for quotients of this kind as explained, for example, 
in Proposition 2.2 in [ER] (a precise statement is given at the end of this 
section). For details on inverse systems we refer the reader to [M], |Em] . [la] 
(a brief survey given in [ER] is also helpful). 

In applications it is desirable to have an explicit formula for computing 
an inverse system for any Artinian Gorenstein quotient. As the following 
theorem shows, formula fl5.1|) achieves this purpose. 


THEOREM 5.1 |AIj Let A be a Gorenstein algebra of finite vector space 
dimension greater than 1 over a field of characteristic zero, with maxi¬ 
mal ideal m, socle degree v and embedding dimension M. Choose a basis 
B = {ei,..., Cm} in a complement to in m, fix a linear form u : A ^ k 
with kernel complementary to Soc(A) and consider the polynomial Qio,B ns 
defined in (15.11) . Further, using the basis B write the algebra A as a quotient 
k[xi ,..., Xm]/I- Then Qu},b is an inverse system for k[xi, ..., xm]/I■ 


Proof: Fix any polynomial / G k[xi ,..., Xm] 


f 





.. X 


*M 

M 


0 <2l 
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and calculate 


/ * Qio,B — f 


d d \ 

dxi ’ ” ’ ’ dxM ) 


{Qui,b) — 


E 


■,*M 


E 


(i - (^1 + ... +^m))! 


X 




■^M I ~ 


\ _ 


^ 1 

({xiei + ... + XMeM)”'x 

m=0 

il + . . . + IM <1^ — 771 






(5.2) 


^ 1 

((a^iei + ... + xmCm)”" /(ci,..., cm)) • 

m=0 

Since I is the ideal of all relations among ei,... ,eM, formula (15.21) implies 
I C Ann(Q^,f5). 

Conversely, let / G /c[xi,..., xm] be an element of Ann((5tj_e). Then fl5.2p 
yields 

y^ —in({xiei + ... + xmCat)™ /(ei,..., cm)) = 0. (5.3) 

m=0 

Collecting the terms containing x^i ... x^^ in f|5.3p we obtain 


/(ei,---,eM)) =0 (5.4) 

for all indices A, ■ ■ •, iu- Since Ci,..., cm generate A, identities (15.4p yield 

(u (^A f{ei,..., Cm) j = 0. (5.5) 

Further, since the bilinear form (a, b) i—)■ u{ab) is non-degenerate on A, iden¬ 
tity (15.51) implies /(ei,...,eM) = 0. Therefore f E I, which shows that 
/ = Ann(Qij^s) as required. □ 


We will now make a number of useful remarks. 

Remark 5.2 For simplicity, we have chosen to discuss inverse systems only 
under the assumption char(A:) = 0. For helds of positive characteristics 
one needs to pass to divided power rings (see, e.g. Lemma 1.2 in [laj). If 
char(/c) > u, one can naturally think of Quj^b as an element of the corre¬ 
sponding divided power ring, and Theorem 15.11 remains correct. 

Remark 5.3 Fix a hyperplane fl in m complementary to Soc(A). A k- 
valued polynomial P on If is called a nil-polynomial for A if there exists 
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a linear form p : A ^ k such that kerp = (If, 1) and P = p o exp |n. 
Note that degP = u. Upon identihcation of Soc(A) with k, the class of 
nil-polynomials coincides with that of Soc(A)-valued polynomial maps 
introduced in fl2.1l) . If dim^ A > 2, then u > 2 and 11 contains an M- 
dimensional subspace that forms a complement to in m. Fix any such 
subspace V, choose a basis jB = {ei,..., cm} in V and let xi,, xm be 
the coordinates in V with respect to this basis. Then the polynomial Qp^s 
given by formula (15.11) is exactly the restriction of the nil-polynomial P to 
V written in the coordinates xi,..., xm- Thus, one way to explicitly obtain 
an inverse system for an Artinian Gorenstein quotient is to restrict a socle¬ 
valued map Pt^ to a complement to in m lying in ker TTPlm and identify the 
socle with the held k. This observation provides a link between the classical 
approach to Artinian Gorenstein algebras by means of inverse systems and 
our criterion in Theorem 12.11 

Remark 5.4 Suppose that A is a standard graded algebra, i.e. A can be 
represented in the form fl4.2l) with = {A^y for j > 1. Set 

J /-1 

n;=0A^ V:=A\ 

i=i 

In this case, for any choice of a basis IS = {ei,..., cm} in V, the ideal / is 
homogeneous, i.e. generated by homogeneous relations. For an arbitrary nil- 
polynomial P on n its restriction Qp^s fo ^ coincides with the homogeneous 
component of degree u of P: 

Qp,b(,xi, ..., Xm) = ({xiei + ... -1- xmCm)'') • 

Thus, Theorem 15.11 yields a simple proof of the well-known fact that a stan¬ 
dard graded Artinian Gorenstein algebra, when written as a quotient by a 
homogeneous ideal, admits a homogeneous inverse system and all homoge¬ 
neous inverse systems for such algebras are mutually proportional (see |Em] 
and pp. 79-80 in [M]). 

Remark 5.5 Theorem 15.11 easily generalizes to the case of Artinian Goren¬ 
stein quotients k[xi,... ,Xm\/I, where / lies in the ideal generated by 
xi,... ,Xm and m is not necessarily equal to the embedding dimension M 
of the quotient. Indeed, let ci,..., be the elements of k[xi, ..., Xm\/ 1 rep¬ 
resented \yy xi,... ,Xm, respectively, and consider the element of k[xi,..., Xrr] 
dehned as follows: 



(5.6) 


where a; is a linear form on k[xi,... ,Xm\/I with kernel complementary to 
the socle and z/ is the socle degree of k[xi,..., Xm\/I. Then, arguing as in the 
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proof of Theorem 15.11 we see that R is an inverse system for /c[a;i,..., x^]/1- 
Thus, fl5.6p is an explicit formula providing an inverse system for any Ar¬ 
tinian Gorenstein quotient, and any other inverse system is obtained as 
h-k R, where h E k[xi,..., Xm\ does not vanish at the origin. Notice that for 
m > M, no inverse system as in fl5.6p comes from restricting a nil-polynomial 
to a subspace of m complementary to m^. 

Thus, in order to decide whether two Artinian Gorenstein algebras are iso¬ 
morphic, one can use either the classical approach, which utilizes inverse sys¬ 
tems, or our method, which relies on nil-polynomials, and the two techniques 
are related as explained in Theorem 15.11 and Remark 15.31 In a particular sit¬ 
uation one of the approaches may work better than the other. For instance, 
as we saw in the preceding section, the technique based on nil-polynomials 
is very appropriate for establishing that the algebras At in Example 14.21 are 
all isomorphic to Aq. We will now obtain a different proof of this statement 
by the method based on inverse systems. 

We first describe this method in general following the discussion that pre¬ 
cedes Proposition 2.2 in |ER] . For j = 1, 2, let Bj := /c[xi,..., Xm\llj be an 
Artinian Gorenstein quotient with socle degree z/ > 1 and inverse system gj. 
Denote by ki,[xi,, Xrr] the vector space of polynomials in fc[xi,..., Xm\ of 
degree not exceeding z/. If Ti,..., G fcy[xi,..., Xm] vanish at the origin 
and have linearly independent linear parts, they induce a linear automor¬ 
phism of k^[xi,..., Xm] as follows: 

^Tu-,Tm ■ f{^) ^ f{Ti{x),.. .,Tm{x)) (mod terms of degree > z/), 

where / G k^[xi,..., Xm\ and x := (xi,..., x^)- We now introduce a sym¬ 
metric A:-valued bilinear form on fcj,[xi,..., x^] as 

[fJ] ■= (/*7)(0), fje A:^[xi,...,Xm]. 

This form is clearly non-degenerate, and one can consider the linear map 
adjoint to i-O- the automorphism of ku[xi,... ,Xm] defined 

by requiring that the identity 

I/. <1>T..T„(7)1 = [«T.. tM), n 

hold for all /, / G A;y[xi,..., Xm\- 

Then, as explained in detail in [ER] . the algebras Bi and B 2 are isomor¬ 
phic if and only if there exist Ti,..., as above and h G A:[xi,..., x^] with 
h(0) 0 such that 

= hkg2. (5-7) 

Note that the right-hand side of formula fl5.7p is simply a replacement of the 
inverse system g 2 by another inverse system for the algebra B 2 . Glearly, fl5.7p 
is equivalent to the identity 

(^^ri,...,r^ if) ^ 9 i^ (0) = (^fkih-k g 2 )'j (0) 


( 5 . 8 ) 
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being satisfied for aW f E k^[xi,, Xm]- 

We now return to Example 14.21 and consider the algebras Aq, At of socle 
degree z/ = 4 introduced there, with t G k*. Let Vq := ( 60 , 1 , 60 , 4 , 60 , 5 ). This 
subspace forms a complement to rrio in mo- Then, by Remark 15.31 setting 
X2 = X3 = Xq = Xj = 0 and replacing, respectively, Xi, X4, X5 by Zi, Z2, Z3 in 
formula (14.4p . we obtain the inverse system 

Qo := 3 z^Z 2 - 2 ziZ 2 + ^z^ - ^ 2 : 22:3 + ^zf (5.9) 

for the algebra Ao represented as the quotient k[zi, Z 2 , z^/I q, with Jo being 
the ideal of all relations among eo,i, 60 , 4 , 60 , 5 . 

Analogously, let V) := ( 61 , 1 , 61 , 4 , 61 , 5 ). This subspace is a complement to 
rrij in Setting y 2 = Vs = Vg = Vt = ^ and replacing, respectively, yi, y^, 
y 5 by Zi, Z 2 , Z 3 in formula f|4.5p . one obtains the inverse system 

Qt ■■= - y ^2 + 32 : 1^2 - 2ziZ2 + ^^2 - ^ 2 : 2^3 + ^zf (5.10) 

for the algebra Ai represented as the quotient k[zi, Z 2 , z^]/It, where It is the 
ideal of all relations among ei,i, 61,4, 61,5. 

In accordance with (15.Sp . to show that Ai is isomorphic to Aq, we need to 
find polynomials Ti,T 2 ,T^ G k^[zi, Z 2 , z^ vanishing at the origin and having 
linearly independent linear parts, as well as a polynomial 
h G k[zi, Z 2 , Zs] with h{0) 7 ^ 0, such that for all / G ^ 4 ( 2 : 1 , 2 : 2 , Z 3 ] one has 

(^^Ti,T2,T3{f) ^ = (^/* (^ * Qo) j (0). (5.11) 


After much computational experimentation we discovered that (15.111) is sat¬ 
isfied for the following choice of Tj and h: 


m m 15f 9 15f o ^ 

Ti = Zi, T 2 = Z 2 -7^ ^3 -^3 = ^3, h = 1. 

16 / 


Observe that, upon identification of x, y, z with 2 : 1 , Z 2 , 73 , respectively, the 
change of variables Zj 1 —)■ Tj is the inverse of the change of variables shown in 
(14.7p . which agrees with formulas (5), ( 6 ) in |ER] . Thus, we have obtained a 
second proof of the fact that At is indeed isomorphic to Aq for all t. 

To summarize, in the case of the algebras At from Example 14.21 the 
method for establishing isomorphism between Artinian Gorenstein algebras 
based on inverse systems requires a substantially greater computational effort 
than that based on nil-polynomials as presented in Section |H Notice that 
nil-polynomials were utilized in this second proof as a tool for explicitly 
producing inverse systems. 
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